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Reynolds-Stress Model Analysis of Turbulent Flow
over a Curved Axisymmetric Body

Shin Bae Park,* Myung Kyoon Chung,t and Do Hyung ChoiJ
Korea Advanced Institute of Science and Technology, Seoul, Korea

A curvature-dependent Reynolds-stress model (CRSM) is proposed for prediction of complex turbulent flows
over curved surfaces. A curvature time scale for the third-order diffusive transport terms in the Reynolds-stress
equations is assumed, which is derived from analogy between buoyancy and streamline curvature effects on
turbulence. The coefficient of the destruction term in the dissipation equation is also modified by the proposed
time scale in order to incorporate the streamline curvature effect on the decay rate of turbulent kinetic energy.
The proposed CRSM is applied to a mildly curved axisymmetric body: a spheroid of axis ratio 6:1 for which
Reynolds-stress data are available. The results show that the model performs better than the well-established k-e
turbulence model. In particular, all the predicted Reynolds-stress components are in very good agreement with
experimental data.

Introduction

MODELING of the Reynolds stresses that appear in the
Reynolds-averaged Navier-Stokes equations has re-

ceived considerable attention in recent years for prediction of
complex turbulent flows occurring in many engineering ap-
plications. As the computing power of modern computers
continues to grow and the cost decreases, many practical
problems are becoming tractable through solutions of the
equations for Reynolds stresses. In such cases, the success of
the turbulent-flow prediction depends more on the turbulence
model than on the numerical scheme. For example, compari-
sons made at the 1980-1981 Stanford conference1 on complex
turbulent flows showed that solutions of the Reynolds-aver-
aged Navier-Stokes equations were very much dependent on
the turbulence model used.

Most applications of Reynolds-stress models have been
made to rather simple geometries. In the present study, how-
ever, a Reynolds-stress model is applied to a geometric shape
with surface curvature. Development of the turbulence struc-
ture is highly sensitive to streamline curvature in the plane of
the mean-shear flow.2 Firstly, Reynolds stresses are reduced
by streamline curvature when the angular momentum of a
fluid element increases in the direction of the radius of curva-
ture, as in the case of the flow over a convex surface. The
opposite is observed on a concave surface. Secondly, the re-
sponse of turbulence to convex curvature is much more rapid
than that to concave curvature. Thirdly, it has been found
experimentally that the time response of the third-order corre-
lations to convex streamline curvature is slower than that of
the second-order correlations.2'3 Therefore, for the prediction
to be successful, these experimental observations must be
taken into account in the modeling of the Reynolds-stress
transport equations. However, most previous curvature-
correction methods4'7 do not explicitly include such effects.

Recently, a curvature-dependent k-e turbulence model was
proposed by Park and Chung8 for prediction of turbulent
recirculating flow in which the time scale of the third-order
diffusive transport terms in the equations for k and e was
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made a function of the ratio between a curvature time scale
and a velocity time scale. They applied their model to several
recirculating flows with success. The present study is an exten-
sion of this approach to include streamline curvature effects in
the Reyholds-stress-model equations. The conventional model
coefficients of the diffusive transport terms and the destruc-
tion term in the e equation are modified to incorporate the
time-scale ratio mentioned above. The performance of the
proposed model is tested against the data of Chevray.9 The
results are also compared with the earlier computation of
Chen and Patel10 who used a two-layer k-e turbulence model.

Curvature-Dependent Reynolds-Stress Model
The Reynolds-averaged Navier-Stokes equations in Carte-

sian coordinates for incompressible flow with constant viscos-
ity are
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Here Uf and Uj are the mean and fluctuating parts of velocity,
respectively, P the static pressure, p the density, v the kine-
matic viscosity, and u^Uj the Reynolds-stress tensor. The exact
equations governing the Reynolds stresses can be written (Ten-
nekes and Lumley11):

1
P

_ _ d U f__ dUj - 2v
dx{

+ -,
dxL

(3)

Here the averaged terms with over bars, except ujuj, need to be
modeled in order to close the system of equations. Among
various closure relations,12"14 the model by Nobuyuki14 for the
Reynolds-stress tensor appears to be most convenient for the
present study:
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The constants in the preceding equations are Cs=0.11,
Cf = Ci[l - (1 - 1/Q)./;,], Q = 1.5, and C2 = 0.4. The wall
damping function fw is given as/w = exp[ - (0.015 kl/2y/v)4] ,
and the coefficients a, 0, and 7 are 0.45, -0.03, and 0.08,
respectively.

In the conventional gradient-transport model for the triple-
velocity correlations, w/w/w/, the velocity time scale TV = k/e is
independent of streamline curvature. But it has been found
that these correlations must have a curvature-dependent time
scale.15 Such curvature effect has been modeled by devising a
curvature time scale rc by analogy between buoyancy and
streamline curvature effects on turbulence. Adopting the same
modification as in Chung et al.,15 the model constant Cs for
the triple-velocity correlation is replaced by C's, a function of
the time-scale ratio:

= C5/[l + a(rv/rc)] (12)

where TC -e/(N2k)9 Nc is the frequency of oscillations of a
fluid element displaced radially with reference to streamline
curvature, and a = 0.12 is a model constant.

As for the dissipation rate of turbulent kinetic energy, the
equation suggested by Hanjalic and Launder13 is used here in
the following form:
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The model constants in the preceding equations are Ce = 0.15,
Cel = 1.44, Ce2 = 1.9, and Ce3 = 2.0, and #T = k2/ve is the
turbulence Reynolds number. In the wake, where there is no
boundary, Ce3 is set to zero. To simulate transition from a
near-wall sublayer tt) a fully turbulent wake correctly, the
f unctions/e,/H, and"e/e need to be modified to increase gradu-
ally to unity through the very near wake (see Refs. 10 and 16).
Although we recognize this subtlety, we assume that the flow
becomes turbulent instantly in the wake and set /e =/w = l
and 7 = e at the tail of the body.

The coefficient Ce of the third-order correlation term (14) in
the e equation is modified similarly as w/w,w/ in order to take
the streamline curvature effect into account. In other words,
Ce is modified as

— C— \^f
1
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As the decay rate of turbulent kinetic energy also depends on
streamline curvature,2 it is convenient to represent such effect
as:

/
el =

1

1+Z?(TV/TC).
(19)

as was done in Ref . 8. Here, b is a model constant and assumes
a value of 0.5.

All of the equations described so far can be summarized in
cylindrical polar coordinates (x,r,Q) as

+ U + y . + r T + S . (20)dt dx dr

where ̂ _ re£resents one of the transport quantities, i.e., U,
V, ~uz, "y2, w2, uv , or e. The variables in the equation have been
made dimensionless in terms of the freestream velocity U09 the
body length L, and density p.

Numerical Method and Boundary Conditions
The solution of Eq. (20) is sought in the domain shown in

Fig. 1. The solution procedure adopted in the present study is
essentially the same as that described in Chen and Patel16 and
is briefly explained below. Computation is performed in body-
fitted coordinates (£,ry) that are generated numerically. Using
the expressions for the gradient, divergence, Laplacian, and
second-order derivatives (given in Ref. 16), Eq. (20) can be
transformed to this computational plane and the resulting
equation assumes the following form:

A U (21)

where An, A22 are geometric coefficients; A^ B^ D^ the
linearized convection coefficients; and Sj the source term.
Equation (21) is then sojved by using the finite-analytic al-
gorithm of Ref. 16.
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Fig. 1 The spheroid and the coordinate system.
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Since the governing equation (20) is elliptic, the boundary
conditions need to be prescribed on all boundaries: inlet, exit,
outer, wall, and wake centerline (see Fig. 1). A separate
boundary-layer calculation was performed from the stagna-
tion point to construct the conditions at the inlet boundary.
The finite-difference procedure of Chang and Patel17 used
here gives the inlet profiles of the mean velocity, the Reynolds
shear stress — uv, and the eddy viscosity vt. The turbulent
kinetic energy k and dissipation e are deduced from the follow-
ing empirical relationships:

0.3-

k= -uv/0.3

e = 0.09-

(22)

(23)

The normal stresses, "^2,^2, and "w2 are then obtained by
assuming isotropy at the inlet station, and this completes the
description of the inlet boundary conditions.

Along the exit boundary, which is placed far downstream of
the body, the streamwise derivatives of the dependent vari-
ables and pressure are assumed negligible, i.e., (d/d£) = 0. The
outer boundary is also placed far away (approximately one
body length) from the surface where the disturbance due to the
body is expected to be small.10 Therefore, uniform-flow condi-
tions are imposed along this boundary. Symmetry condition is
applied at the wake centerline and, since a wall-function ap-
proach is used in the analysis, the following near-wall approx-
imations, suggested by Launder et al.,12 are used for the wall
boundary:

_uv = -

V 2 = 1 . 0 l/T2,

dp
e = - uv

dy (24)

where UT is the friction velocity, and x and y denote, respec-
tively, the distances measured along and normal to the sur-
face. It needs to be mentioned here that, in the present wall-
function approach, the friction velocity is modified as
UT = sign(rw) (\rw l/p)1/2, where TW is the wall shear stress, as
was done in Ghose and Kline18 to treat the region of reversed
flow.

Results and Discussion
To evaluate the performance of the present curvature-

dependent Reynolds-stress model, calculation has been per-
formed for the flow about a spheroid of axis ratio 6:1 at
Re - 2.75 x 106. Here, the Reynolds number is based on the
freestream velocity U0 and the body length L. A 60 x 30 grid
is fitted over the physical domain 0.4 < X/L < 13.8 and
RS/L <R/L < 1.0, where X is the distance measured along
the axis from the nose, R the radial distance from the axis, and
subscript 5 denotes the body surface. The wall-function ap-
proach permits us to use a relatively coarse grid near the wall,
with the first grid point located at y+ — 30. Calculation was
also performed with a 40 x 20 grid to check the grid depen-
dency of the solution. The results were in close agreement with
each other and confirm that the 60 x 30 grid is fine enough to
resolve the flowfield.

Figure 2 shows the pressure distribution on the surface and
along the centerline of the wake. The calculations by the
present CRSM with and without the curvature effects are
compared with the experimental data of Chevray.9 The earlier
result of Chen and Patel,10 who used the two-layer &-e model,
is also compared in the figure. The present result is in good
agreement with the experimental data, especially the pressure
peak, while the prediction of Chen and Patel overestimates the
peak value substantially. The pressure rise in the immediate
vicinity of the tail is associated with the large longitudinal and
transverse curvatures.
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Fig. 2 Pressure distribution over the spheroid surface and along the
wake centerline.
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Fig. 4 Turbulent kinetic energy profiles.
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Fig. 5 Comparison of the Reynolds normal-stress profiles.

Figure 3 shows the streamwise mean velocity distributions at
various locations: the location X/L - 0.958 is upstream of the
separation point, X/L = 1.0 falls within the separation bub-
ble, X/L = 1.083 is just after the closing of the separation
bubble, and X/L = 1.333 is in the wake. Here, Rmax denotes
the maximum body radius. It can be seen that the present
predictions are in better agreement with the data than those of
Chen and Patel.10 The improvement can be attributed to the
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Fig. 7 Reynolds shear-stress profiles.

length-scale adjustment by the present model according to the
convexity or concavity of streamline curvature near the sepa-
ration bubble. In the outer part of the separated shear layer
above the separation bubble, the length scale is shortened by
the increased dissipation rate, caused by a reduction in Ce2 by
the convexly curved streamlines. However, in the wake, the
length scale is slightly increased due to the opposite mecha-
nism and increase of Ce'2. When the curvature correction is
removed from the present model, the results fall in between
the two predictions.

The turbulent kinetic-energy distributions at the same
streamwise locations are shown in Fig. 4. Here, attention is
drawn to the predictions by the present model with and with-
out curvature effects. As the streamlines near X/L = 1.0 are
highly convex, the turbulent kinetic energy is expected to be
reduced. This trend is correctly predicted by the curvature-de-
pendent model. On the other hand, it is observed that both the
Reynolds-stress model without curvature effects and the k-e
model overpredict the turbulent kinetic energy. This is a con-
sequence of the fact that these models do not take account of
the stabilization effect of convex streamline curvature. The
discrepancy noted in the result of the k-e model may also be
due to the anisotropy of the turbulence (see Fig. 5). _
_Figure_5 shows the distributions of the normal stresses, w2,
•v2, and "w2. It reveals that the turbulence is highly anisotropic
and that the present results are in excellent agreement with the
experimental data. Figure 6 presents the turbulent kinetic en-
ergy and the normal stresses at a station farther downstream in
the wake, X/L =4.0. It is interesting to observe Jrpm Figs. 5
and 6 that the streamwise turbulence intensity w2, which is
highest in X/L < 1.0, decreases rapidly to attain near equi-
partitioning of energy among the three components in the
wake region and that it is correctly predicted by the present
model. The shear stress - uv is compared in Fig. 7. Here
again the improvement due to the curvature correction in the
turbulence model is clearly observed.

Conclusions
A curvature-dependent Reynolds stress model (CRSM) has

been applied to predict the turbulent flow over a mildly curved

axisymmetric body. This model adjusts the turbulence length
scale according to the convexity or concavity of the stream-
lines because the time scales of the third-order diffusive trans-
port terms and the destruction term in the dissipation-rate
equation are made functions of the ratio between the curva-
ture and the velocity time scales. It has been shown that such
a modification yields much better predictions of the stream-
wise mean velocity and the turbulent kinetic energy than the
k-e turbulence model. Also, the Reynolds normal stresses,
which exhibit high degree of anisotropy in the neighborhood
of the tail, are well predicted by the present model.
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